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Exercise 1

a Consider the function f € L! (T) defined as the periodization of

f (@)= (2n—a). &
Calculate the Fourier coefficients of f and use them to prove that
I )
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b Let ¢ be a positive real number and v, u € R% Consider the function Jo,v,u in the
space L? (Rd) with d € N defined as
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Jov,u (X) = (;) e~ 5 Ix—v[ +iux )
Then prove that ./g\a,v,u = eiV.ugafl,u,—v; ie.
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Exercise 2

Consider V; and V5 two normed vector spaces over' F and T : V| — V5 a linear mapping.
Define [Ty, , as
|T|

veVy, v#0 |v] ‘

17 == ()

For a generic linear mapping 7' we have |T'|| € [0, +00]. Prove that

|7 = sup  |Tv] (6)
veVr, HvHVl =1
= sup [T (7)

veVr, HUHV1<1
Prove moreover that the following are equivalent

a T'is continuous.
b T is continuous in 0, meaning that for any sequence {v,},cy S Vi,
v, >0 = Tux, —0. (8)

¢ The quantity ||| is finite, meaning that ||T'| < +oo.

'"Here and in the following F can be chosen to be either R or C.



Exercise 3 (Young Inequality)

Consider p, ¢, r € [1,+00] such that
1 1
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Let fe L4 (Rd), gelL” (]Rd); prove that

1 #gl, < £l gl -

Hint: Consider the functions o, B3, v defined as

a(x,y):=f g x-y)",
By) =If I,

T

v (xy) =lgx-y),

notice that

1 pP—q p=—r
£egGl < [ abey)? B 1y dy
R
and that 1
l,p—a_ p-r_,
p pq pr

to apply Holder inequality.

Exercise 4

a Prove that there exists a positive real number C such that we have

b -
sinz
sup dx| < C.
0 T

0<a<b<+o

Hint: Consider the function

Deduce a bound on F'(t) uniform in n. Apply the fundamental theorem of calc
for F(0) to conclude.

b Consider an odd function f € L' (R). Prove that for any such function we have
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¢ Let g (k) be a continuous odd function on the line such that is equal to 1/logk for
any k > 2. Prove that there cannot be an L! (R) function whose Fourier transform

is g.



